Adding Production to the Theory

We begin by considering the simplest situation that includes production: two goods, both of which
have consumption value, but one of which can be transformed into the other. Production can go
in only one direction: the input good can be used to produce the output good, but not vice versa.
Some simple concrete examples are oranges as input to produce orange juice; grapes as input to

produce wine; or leisure as input (where it’s called labor) to produce “stuft”.

Consumers: There are n consumers, indexed by i € N = {1,...,n}. Consumer i’s consumption
bundle is (z;,y;) € Ri, where x; is his consumption of the input good and y; is his consumption
of the output good. Each consumer is described by a utility function u' : R2 — R and an initial
bundle (z;, ;) € RY.

Producers: There are m producers (also called firms), indexed by j € M = {1,...,m}. Producer
j’s production capabilities are described by a production function f; : Ry — Ry: if producer j

uses z; units of the input good, then ¢; units of the output good are produced, where ¢; = f;(z;).

The economy is therefore described by an n-tuple (ui, (2, yz))? and an m-tuple (f;)7"

We begin by describing the feasible production-and-consumption plans, or allocations; then we’ll

describe the Pareto efficient allocations; and then we’ll describe the Walrasian equilibria.

Feasible Allocations

An allocation is a (2n + m)-tuple ((z;, y;)7, (2;)7) € R?" x R The feasible allocations are the
ones that satisfy these two inequalities:
oy
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Pareto Allocations

We continue to define a Pareto improvement as an allocation in which at least one person is
better off and no one is worse off. But what does it mean for a firm to be better off or worse off?
When should we say that a firm prefers one production plan z;, or (z;,¢;), to another? The answer
is that we don’t say. We can’t, for example, use profit to rank alternative plans, because prices
are used in the definition of profit, and in our Pareto analysis we don’t assume that markets and

prices are what’s used to arrive at allocations.



So we simply don’t ascribe preferences to firms. We view the firms simply as machines, devices
for transforming the input good into the output good. The firms thereby make it possible for the
consumers to obtain allocations they wouldn’t otherwise be able to obtain. And we continue to
define welfare improvements in terms of only the consumers’ welfare. Our definitions of Pareto
improvements and Pareto efficiency are therefore the same as they were when no production was

possible. They’re defined only in terms of the consumers’ preferences.

The Pareto allocations are therefore the solutions of a new version of the problem P-Max:

max \u'(xq,y1) s.t. %, Yi, 25 20 (Vie N,je M),
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The first-order marginal conditions for a solution of this problem are

(1) a;: Nl < o,, with equality if 2; >0 (Vi € N)
(2)  yi: Ay, < 0y, with equality if y; >0 (Vi € N)
(3) =z 0 < 0, — o0y fj(2), with equality if z; >0 (Vj € M)

In order to give an economic interpretation of the FOMC, let’s simplify things by considering only
solutions in which all the variables and Lagrange multipliers are strictly positive, so that all the
FOMC are equations instead of inequalities. Then the conditions (1) and (2) are the familiar MRS

conditions, MRS = 9% for each i € N, which yield the Equal-MRS condition
Ty

MRS'= MRS? =--- = MRS".
When we combine this with (3) we obtain
fi(zj) = MRS, forall ieN,je M.

Writing M P? for the marginal product of the input good for firm j, we can rewrite the above

condition as
dgi _ _dyi
dZZ' €T;

MPj:MRSiy or as forall 1€ N,j € M,

— i.e., the marginal value of the x-good in terms of the y-good, in both production and consump-

tion, should be the same everywhere.



Equivalently, we could write the equations as

_1
fi(z)

The term on the left in each of the above equations is just the (real) marginal cost of the output

= MRS,, oras a0 = m

forall 1€ N,j € M.

good — how many units of the input good are required, at the margin, to produce an additional

unit of output. So we could also write the equations as
MCj:MRS;x oras MC?=MV" forall i€ N,je M,

where MV is consumer i’s marginal value (i.e., marginal willingness to pay) for the output good,

measured in units of the input good.

And of course the marginal conditions have to be supplemented by the constraint-satisfaction

in+zzj = 2 and Zyz = §+ij<zj)-

iEN jEM ieEN jeM

conditions

(These are equations instead of inequalities because we assumed that o,, 0, > 0.)

Robinson Crusoe (A Single Consumer):

Let’s apply our Pareto analysis to the simplest case that includes production: Robinson Crusoe.
Robinson is alone on a desert island (oddly, he looks a lot like Tom Hanks). So he’s the only
consumer. Let’s assume there’s a single production process (called “climbing palm trees”), which
can turn Robinson’s leisure/labor into coconuts. We have n = m = 1, and in this simple case we
can represent Robinson’s preferences and his production technology geometrically as in Figure 1,

and we can represent them both together, as in Figure 2.
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The Pareto maximization problem is simply Robinson’s utility-maximization problem. He’s not
maximizing utility subject to a budget constraint, but subject to the two constraints in the P-max
problem, z + z < = and y < y + f(z). Together, these two constraints yield the consumption-
possibilities set F in Figure 2. Assuming that Robinson’s utility function is strictly increasing, any
solution will satisfy both inequalities as equations. Converting the inequalities to equations, we
can write the problem as an unconstrained maximization problem with a single variable, z (this is

not necessary, it’s just just a trick we often use to simplify things):
max u(E — 2,9 + f(z)).

The first-order condition for an interior solution is

d
Tu(@ =29+ f(z) =0;

i.e., —uy+ f(z)uy, =0
/ Ug
t.e., f (Z) - Uy )
ie., MP = MRS .

Fisher’s Separation Theorem:

Now suppose that Robinson would like to decentralize the allocation that maximizes his utility,
separating the production decision from the consumption decision. After his man Friday appears

(or is it Wilson?), he might even arrange to have the decisions made by different people — Wilson



choosing the production plan and Robinson himself choosing the consumption bundle. It seems as

if he could do that by using markets and prices. He needs to find prices p, and p, at which

e as production manager, Robinson (or his man Wilson) will be led to choose the right z

by maximizing profit, and

e as consumption manager (“buyer”), Robinson will be led to choose the right bundle

(x,y) by maximizing u(-) subject to the budget constraint defined by the prices p, and
Py -

“Fisher’s Separation Theorem” says that separating production decisions from consumption deci-
sions in this way, using markets and prices, will yield the same level of welfare as if we centralized
the decision. Nothing is lost by decentralizing/separating, the decisions. (Irving Fisher actually
stated his “theorem” for investment and portfolio decisions being made separately from the con-
sumption decisions that are made by the owners of firms or portfolios. And it’s not really a theorem
in the technical sense. But in our context here, it’s really just the First Welfare Theorem, for the

Walrasian model when it includes production.)

The significance of Fisher’s separation concept for doing microeconomics is that even if an indi-
vidual is making production/investment decisions and also consumption decisions, we model that
individual as if he were two separate decision-makers — a producer, or firm, on the one hand,
and a consumer on the other hand. Even if Robinson doesn’t have Wilson to make his production

decisions, we still model Robinson separately as a firm and as a consumer.

But does this work? Does the First Welfare Theorem still hold when the model includes produc-

tion?

Accounting for Profit

In order to elicit the right production plan z by using prices p, and p, and directing his firm to
maximize profit, Robinson will obviously have to choose prices that satisfy
Pz Oz
— = = f/(z>a
Dy Oy
where 0, and o, are the Lagrange multiplier values at the solution of the P-max problem. But as

Figure 3 suggests, the budget constraint with these prices,

Pa + Pyy = Pa + pyy,

might not allow the consumer-Robinson to choose a bundle (z, y) as large as the one that maximizes
Robinson’s utility among all feasible bundles. This is because the average rate of transformation in

Figure 3 is larger than the marginal rate of transformation. There’s a “surplus,” a positive profit.
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Let’s return to the case where n and m can be greater than 1, and try writing down a definition

of Walrasian equilibrium when there’s production.

Tentative Definition: A Walrasian equilibrium is a triple
((7e:B)), OF (@ 50)7) € RE X RY x RY!
that satisfies
(U-max) Vi€ N: (Zy,7;) maximizes u' subject to
(BC)  Dai + Dyyi = Dai + Dyl
(m-max) Vj € M : Z; maximizes 7;(z;) = D, fj(2j) — Pu?;
x4 Y2 £ 50T @, with equality if p, > 0

(M-clr) ST S ST 0+ DT fi(Z5), with equality if p, > 0 .

Note that for any prices p, and p,, any allocation that satisfies the budget constraints (BC) for

each consumer ¢ € N will satisfy

Da [Zl’z _sz} + Dy [Zyz —Zyz] < 0.

When there’s no production, this is just Walras’ Law.



If total profits happen to be positive, as in Figure 3, i.e., if
> [nyj(zj) —Pz%} >0,
j=1

then we have

D [Z%—le} + py [Z%—Zyl} — [pnyj(Zj)_prZj] <0

i.e.,

(%) pe Dot 3oz =Y w| oy [ Y= (D G+ D fil)] <0

If we write

E, ::in—i—sz—Zii and Fj 3223/@'_ (Zﬁri‘ij(Zj))

for the amounts by which the allocation ((z;, yi)ien, (2;)jenm) exceeds the available resources, then

(%) is the inequality

(%) poEy +pyEy <0

This has two implications for Walrasian equilibrium and Pareto efficiency:

e An allocation that satisfies (%) can’t be Pareto efficient with efficiency prices (o, 0y)
proportional to (p,,p,) because Pareto efficiency requires that o, E, + 0,E, = 0 (by
summing the two Constraint Satisfaction conditions for Pareto efficiency). Therefore,

a Walrasian equilibrium can’t be Pareto efficient.

e A price-list (p,,p,) and an allocation ((z;, ;)7 (z;)7") that satisfy () can’t be a
Walrasian equilibrium (according to the tentative definition we’ve given), because they
can’t satisfy both of the (M-Clr) market-clearing conditions in the definition: the two
conditions together imply that p,E, + p,F, = 0. Therefore a Walrasian equilibrium

can’t exist.

The first implication is certainly not good news. But the second implication suggests that there
may be something wrong with our tentative definition of Walrasian equilibrium. The problem

clearly involves profit: when it’s positive, it seems to cause a violation of Walras’ Law.

Recall that the feasible allocations are the ones that satisfy the two inequalities

Zmi—i—z,zj < z and Zyz < §+ij(2j).

iEN jeM ieEN jeM



Writing these as equations (i.e., assuming that both goods are fully utilized), and writing the sums

as simply x,y, 2,9, 2z, q, we have
r+z=2 and yYy=y-+gq.
These are simply accounting identities for the two goods. For any prices p, and p,, then, we have
Pa® + Poz = pe® and  pyy = pyy + pyq.
Combining the two equations yields

P2 + Pyy = pot + Y + (Pyq — puz) ;

1.€.,

Value of consumption = Value of the endowment + Net value of production activity.

We've converted the accounting identities for quantities of the two goods into a single accounting
identity for the wvalue of the goods — which is Walras’ Law when there’s production. If profit,
DPyq — D%, is positive, then the total value of consumers’ endowment is not large enough, by
itself, to pay for the entire value of the goods available after production has taken place. Total
consumption (z,y) will satisfy either © < £—z or y < y+gq, or both, as in Figure 3. Consumers’
income, p,& + p,y, therefore has to be augmented by the firms’ profits: we have to account for
the distribution of profits (the “surplus value”) arising from production in our Walrasian model of

allocation via markets and prices.

We typically account for profit by assuming it all goes to consumers. In the Walrasian model we
assume that consumers own shares of the firms’ profits: 6;; denotes consumer ¢’s share of firm j’s
profit (with 0 < 6;; < 1 for all 4 and j, and ), 0;; = 1 for each j € M) .

We alter the tentative definition of Walrasian equilibrium we gave earlier by changing the budget
constraint of each consumer i € N to
Dai + DyYi S Dui + Dyl + Z 0i5mi (%)
jeEM

where 7,(2;) = p, f;(2;) — Pxz; is firm j’s profit as a function of its production plan z;.

If every firm’s f; is continuous and concave, then with this new definition of equilibrium for our
one-input one-output model with production, it’s straightforward to use the same methods we’ve
used before, when there was no production, to establish the existence of an equilibrium as well as

the two welfare theorems.



For the more general case, with ¢ goods, a firm may have many inputs and many outputs, and
a particular good might be an input for some firms and an output for others. We can no longer
represent a firm’s production technology (its feasible production plans) by a production function,
because a given input vector will in general yield many different possible output vectors. Instead,
we represent a firm’s technology by a production set Y; C R’ Y] is the set of all production
plans (input-output /—tuples y;) that the firm is able to carry out, and the firm chooses one of
the plans y; € Y;. We use the convention that y;; > 0 means that firm j is (net) producing good k
as an output, and y;; < 0 means that firm j is (net) using good k as an input. Consequently, firm
jJ's profit from a production plan y; is its revenue from its outputs minus the cost of its inputs:
T(y;) =py; = Zpkyjk + Zpkyjk = Zpkyjk - Zpk<_yjk:) ;
keO ke keO keT

where O is the set of goods that appear as outputs in y; and Z is the set of goods that appear as
inputs in y;. (Since O and Z depend upon y;, I should actually write O(y;) and Z(y)).)

This gives us the following two definitions:

Definition: A private ownership economy is a list F = ((uz, X;)iens (Y5)jem, (Hij)NxM) where
foralli € N and all j € M,
u Ry R, %R, YV;CR,, 0206;<1 and Y ;=1
/EN
Definition: A Walrasian equilibrium of an economy E = ((ui,f(i)ieN, (Y;)jenms (Hij)NxM) is
a triple (P, (X")n, (¥7)m) € R x R x R™ that satisfies

(U-max) Vi€ N: X' maximizes u’ subject to P-x' = Pp-X"+3 ), 05m(y’)
(r-max) Vj € M : ¥y’ maximizes 7(y’) := p -y’ subject to y; € Y;

(M-clr) For k=1,...,6: Y0x 3% + 30y with equality if pj, > 0 .

What about the existence and Pareto efficiency of equilibrium? If each consumer’s preference is
locally nonsatiated, our proof of the First Welfare Theorem can be straightforwardly augmented
with producers and still goes through. In the one-input-one-output case, if the consumers and firms

all have well-defined and continuous demand and supply functions over all price-lists p € Ri:

e We don’t need to make any change at all in our two-good proof of existence of equilibrium,;
we simply need to recognize that the market excess demand function will now be the

sum of consumers’ demand functions, minus the firms’ supply functions.

e If the functions are all differentiable, then we can use the same calculus proofs of the

two welfare theorems as we’ve already given, augmenting them with firms.



Of course, this still leaves open the issues of existence and the Second Welfare Theorem if there
are more than two goods, or if the behavioral functions may not be single-valued or may not be
defined when some prices are zero. These are issues we’ll take up later in the course, after we’ve

developed the necessary mathematical tools.

Constant Returns to Scale

Scale properties of production sets (firms’ technological capabilities) are important. Here we

address only constant returns to scale.
Definition: A production set Y has constant returns to scale if it satisfies the condition

ifyeY and a € R, then ay € Y.

Suppose p is the prevailing market price-list. If a firm has constant returns to scale and there is
any production plan y in its production set Y that yields positive profit p -y at these prices, then
every scaled-up plan ay for any o > 1 will be feasible for the firm and will yield a larger profit,
ap - y. Therefore this firm does not have any profit-maximizing production plan at these prices
— the firm cannot satisfy the profit-maximization hypothesis. However, constant returns to scale
guarantees that the plan 0 — engaging in no productive activity — is in Y, and the plan 0 yields
zero profit. Combining these two facts tells us that if a firm with constant returns to scale does

have a profit-maximizing production plan y, then

e the firm’s profit is zero, and

e every scaled-up or scaled-down plan ay is also profit-maximizing — and therefore a
constant-returns-to-scale firm will not have a unique profit-maximizing production

plan.

For a firm with constant returns to scale, then, we needn’t be concerned about the distribution of

its profit as we were above.
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