
Economics 501B Fall 2013 Final Exam Solutions

1. (a) max
x,yA,yB

uA(x, yA) s.t. x, yA, yB = 0 and to

C(x) + yA + yB 5 ẙA + ẙB

u(x, yB) = uB.

The interior first-order marginal conditions:

There are Lagrange multipliers σ = 0 and λ = 0 such that

x : uAx = σC ′(x) − λuBx ,

yA : uAy = σ,

yB : 0 = σ − λuBy ,

where uix and uiy denote partial derivatives.

The first equation can be written

1

σ
uAx +

1

σ
λuBx = C ′(x),

and combining this with the other two equations, we have

uAx
uAy

+
uBx
uBy

= C ′(x), i.e., MRSA +MRSB = MC.

(b) MRSA = 44 − 4x and MRSB = 36 − 2x, so MRSA +MRSB = MC yields

80 − 6x = 20; i.e., x = 10.

We also must have yA + yB = ẙA + ẙB − 200, since C(10) = 200.

(c) At the Pareto level of x = 10, we have MRSA = 4 and MRSB = 16, so the Lindahl

prices are pA = 4 and pB = 16. Each person’s utility is maximized at x = 10. We

have yA = ẙA − 40 and yB = ẙB − 160. (Note that MRSi = pi for i = A,B and that

pAx+ pBx = 40 + 160 = 200 = C(10).)

(d) Amy’s payoff function is πA(qA, qB) = ẙA− 20qA + 44(qA + qB)− 2(qA + qB)2, which

is strictly concave in qA and has first-order condition

∂πA
∂qA

= 24 − 4(qA + qB) 5 0 and 24 − 4(qA + qB) = 0 if qA > 0.



Similarly, πB(qA, qB) = ẙB − 20qB + 36(qA + qB)− (qA + qB)2, with first-order condition

∂πB
∂qB

= 16 − 2(qA + qB) 5 0 and 16 − 2(qA + qB) = 0 if qB > 0.

The reaction functions are therefore

qA =

{
6 − qB, qB 5 6

0, qB = 6
and qB =

{
8 − qA, qA 5 8

0, qA = 8.

See the attached graph of the reaction functions.

The reaction functions can be written as follows when qA and qB are positive:

qA + qB = 6 and qA + qB = 8.

Therefore one of the quantities must be zero in equilibrium; clearly, qA = 0 and qB = 8.

Thus, x = 8 at the Nash equilibrium, less than the Pareto level of x = 10.

(e) Increasing x to x = 9 or x = 10 will yield a Pareto improvement if we allocate the

additional $20-per-unit cost appropriately. Since at x = 10 we have MRSA = 4 and

MRSB = 16, and each MRSi is larger than these numbers for all x between 8 and 10,

we will increase both utility levels if Amy pays $4 per unit and Bev pays $16 per unit

for the additional units. This can be verified directly, by comparing their utilities at

x = 8 and x = 10 (including these payments), or equivalently (because of the quasilin-

ear utility functions) comparing consumer surpluses. At the Nash equilibrium we have

CSA = 224 and CSB = 64. Increasing x to x = 10 with additional payments of $8 by

Amy and $32 by Bev yields CSA = 232 and CSB = 68. Thus, the “utility gain” to

Amy is 8 and to Bev it’s 4.

(f) Comparing consumer surplus will yield only an approximation to the correct welfare

comparisons in general, but with quasilinear utility functions the comparisons are exact.

This follows from the fact that utilities are measured in terms of the good that enters the

utility functions linearly. (In this problem, the y-units are actually dollars, so consumer

surplus and utility are both measured in dollars.)
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